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Structure of spin polarons in the t-t’-t”-J* model
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Abstract. We calculate the Green function in the ¢-t'-t”-J* model and analyze the deformation of the
quantum Néel state in the presence of a moving hole. Solving the problem in a self-consistent Born approx-
imation and using Reiter’s wave function we have found various spin correlation functions. We show that
the different sign of hopping elements between the hole- and electron-doped system of high-Tc cuprates is
responsible for the sharp difference of the polaron structure between the two systems with antiferromag-
netism stabilized in the electron-doped case by carriers moving mainly on one sublattice.

PACS. 71.10.Fd Lattice fermion models (Hubbard model, etc.) — 71.27.4a Strongly correlated electron

systems; heavy fermions

1 Introduction

Since the discovery of the high-T, superconductors [1]
there has been intense theoretical and experimental ef-
fort to find an accurate description of the properties of
charge carriers in CuQOs planes of high-temperature super-
conducting oxides (HTSO). The simplest approximation
to the low-energy electronic states of strongly correlated
systems is produced by the ¢-J model. Here, the antiferro-
magnetic (AF) correlations lead to the spectral functions
with a single quasiparticle (QP) peak with low disper-
sion and a broad incoherent background at higher energies
[2,3]. The extended t-t'-J [4,5] and t-t'-t"-J [6] models,
with the effective parameters ¢ and ¢ derived from the
multi-band tight-binding models [7], are able to reproduce
the dispersion of low energy QP states in reasonable agree-
ment with the photoemission measurements [8] of insulat-
ing SroCuO5Cls. The dynamics of holes was also studied
in the simpler ¢-J* model using numerical methods [9,10]
and the pairing of holes was considered [3,11].

The main purpose of this work is to use Reiter’s wave
function [12] and calculate various correlation functions
for different values of the superexchange interaction J.
Here, we lean heavily on the work done in the context
of the t-J and ¢-J% models by Ramsak and Horsch (see
Refs. [10,13]). We study the spin polaron in the slave
fermion approach using a self-consistent Born approxima-
tion (SCBA) to evaluate the Green function [14,15]. This
approach was successful in reproducing the results of exact
diagonalization [16]. Although in the limit J — 0 many
magnon terms have to be included and the Green function
is momentum dependent, it is possible to evaluate some
correlation functions with the summation of noncrossing
diagrams to any order.
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Calculations of the deformation of the spin systems for
one [17] and two holes [18] in the two-dimensional (2D)
quantum AF state were performed by exact diagonaliza-
tion of small clusters. In the ¢-J model the correlation
functions describing the spatial structure of the spin po-
laron are power-law like leading to renormalization prob-
lems [19,10]. Here, the absence of spin fluctuations sim-
plifies the analytical treatment of carrier motion in an AF
background while the polaron shows an isotropic Gaussian
decay.

The paper is organized as follows. In Section 2 we de-
rive different correlation functions for the ¢-t'-t"-.J* model.
The numerical results obtained using Reiter’s wave func-
tion are presented and analyzed in Section 3. In Section 4
we summarize the results and give general conclusions.

2 Model Hamiltonian

The extended Hubbard model with large on-site repulsion
U compared with the hopping elements ¢, ¢, ¢ can be
transformed to the following ¢-t'-t”-J model [6],
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where ¢, = ¢ip (1 —n;—,) while (i), ((i5)), and (((i5)))
represent the nearest-, second- and third-neighbors,
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respectively. The superexchange interactions are charac-
terized by the exchange coupling J = 42 /U and the Ising
limit is given by a = 0. Here only the leading three-site
terms have been included [16] which are omitted in the
standard version of the ¢-J Hamiltonians [2].

Considering the motion of a single hole one has to im-
plement the constraint of no double occupancy. Here we
introduce the “slave fermion” representation for fermion
operators [20], ¢/ = h;bl_, with b, standing for a
Schwinger boson at site 7, subject to the constraint that
h;rhi +>, b;rabw = 1 at each site. This automatically
fulfills the condition of no double occupancy. Following
the standard procedure [2,14], considering mean-field the-
ory in the Schwinger bosons and neglecting an irrelevant
constant one finds the following Hamiltonian in the Ising
limit,

H, = Z g(k)hlhk + Zwoagaq
Kk q

+ Z [Mk_qh;f(hquaq + H.c.} , (2)

kq
where wg = 2J% and My = j—tﬁfyk with v = %(COSkz +

cosk,) and z =4 in a 2D case. Here, aq is Fourier trans-
formation of Schwinger bosons,

aq =) buet™ 4y byl

i€A jeB

(3)

where A and B are the sublattices of - and |-spins in the
Néel state, respectively.

Moreover, the free band e(k) for spinless hy fermions
is given by [5],

2t?

e(k) = zt'me + 2t" vox + T (27— 1), (4)
with nx = cosk, cosk,. In the presence of the three-site
terms ~ t2/U the width of the free dispersion diverges
Weay — oo in the limit J/[t] — ooc.

The Green function,

1
w—ek) — Yk,w)’

Gk,w) = (5)

with the self-energy X'(k,w) is calculated within the self-
consistent Born approximation,

E(kv CU) = Z Mlzqu(k —q,w— WO)'
qa

(6)

In Figure 1 we present the free hole bands for the
t-J model with three-site ~ ¢2/U terms and for the ex-
tended ¢-J model for the realistic parameters for hole-
and electron-doped systems. As one can see, in the (0,0)-
(m, ) direction e(k) has a minimum at k = (7/2,7/2) for
all three parameter sets. At the (7, 0) point further hop-
pings lead to a minimum (maximum) of the free disper-
sion in the electron (hole) doped case, respectively. As a
result, the dispersion relation (k) has the lowest value at
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Fig. 1. Free hole bands calculated for J#/|t| = 0.4 for the ¢-J*
model with the three-site terms (solid line) and the ¢t-t'-t”-J*
model with ¢ = —0.3¢t, t” = 0.2t and ¢ = 1 (dashed line),
t = —1 (dotted line).

the (7/2,7/2) point both for the ¢-J model with ~ t2/U
terms and for the extended model for one added hole.
On the other hand, for parameters representing electron
doping one finds the lowest value of (k) for k = (m,0).
Thus, for the electron (hole) doped CuO4 the single-carrier
ground state corresponds to quasiparticles with momen-
tum k = (7,0) (k = (7/2,7/2)), respectively.

Unlike in the ¢-J* model here we have momentum de-
pendent Green function leading to a more complex form of
various correlation functions. Calculating the Green func-
tion, one can obtain the Reiter’s wave function [12,13] of
the following form,

%) = Zx [hL +3 " My, G(ky, wi)hf, aly, + ...

ki d1
q1

=+ Z Mle(klywl)-'-Mkn

qi--An
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with the momentum k,, = k —q; — ... — q, and energy

wp = Ex — nwg. The QP energy is determined by Eyx =
e(k) + X' (k, Ex), while |#) is normalized to 1 for,

1
1-— %E(k,w”w:Ek

Ty = (8)
When noncrossing diagrams are included the wave func-
tion |#') is exact. In a two-sublattice antiferromagnet
with not very small J/¢ the QP moves mainly on one sub-
lattice. Thus, we consider the linear combinations,

W) = 27210 = [0 ),

9)

where Q = (m,7) is the AF wave vector. As we evaluate
the correlation functions for a hole at the bottom of the
QP band only the real part of G(k,w,,) is nonzero.

3 Numerical results

The numerical calculations were performed for a
32 x 32 momentum-space mesh with energy resolution
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dw ~ 1073Jt|. In the wave function (9) the terms up to
n = 50 were included for very small values of J#/|t|.
We adopted the nearest-neighbor hopping [t| = 1 as the
energy unit. The sign of hopping elements changes be-
tween the hole and electron doping [21]. Here, we assume
t' = —0.3t, " = 0.2t with t =1 (—1) corresponding to the
hole (electron) doping, respectively [22]. The above hop-
pings with ¢ = 0.35 eV can reproduce measured dispersion
relation in SroCuO2Cly [4,8] and are consistent with the
band structure of BisSroCaCuO20g45 and YBasCuzO7_s
compounds [23]. Similar parameters with t = —0.35 eV
were used by Kim et al. [22] to describe quasiparticle spec-
tra in electron doped Ndj g5Ceq.15CuOy [24].

Knowing the wave function we can calculate various
correlation functions describing the deformation of the AF
order around a hole. First, we have to calculate the norm

J\fém to estimate where the wave function can be trun-
cated,

N = ) =

ZA

(10)

where the distribution functions,

m

= Zx I_IX:MZG2 q,w;),

j=1 q

(m) (1 1)

for m > 0 and Af(o) = Zx.

In order to estimate the number of magnon terms
needed in the wave function we calculated the distribu-
tion functions A, corresponding to a noncrossing dia-

gram with n magnons excited. The Af(n) coeflicients are
presented in Figure 2 for the extended ¢-J% model with
realistic parameters for hole- and electron-doped HTSOs.
In the regime of strong coupling (J*/|t| < 1) and for

parameters representing hole doped materials Al((n) has a
maximum at a finite value n which increases with decreas-
ing J#/|t| (see Fig. 2a). Similar behavior was found in the
t-J% model (see Fig. 4 of Ref. [10]). Quite different depen-

dence of Al((n) with n is found for electron doping (Fig. 2b)
where one finds its monotonous decrease with increasing
n for J*/|t| even as small as 0.002.

The total number of magnons building up our spin
polaron in the Ising limit can be easily calculated as,

@M afaglw) = 3 mAgY.
m=1

q
The dependence of (n) with J/|¢| is presented in Figure 3.
Both in the ¢-J model and for parameters representing
hole doping we have recovered the results by Ramsak and
Horsch [10] with (n) ~ 1.4(|t|/J#)'/? consistent with the
string potential of overturned spins created by the car-
rier motion. For large J#/|t| > 2 the asymptotic behavior
(n) ~ (|t|/J*)? is reached. Quite different dependence of
(n) is found for parameters representing electron doping
where in the J#/|t| — 0 limit much less magnons are ex-
cited with no simple scaling for J#/|t| down to 0.002.

(n) = (12)
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Fig. 2. The distribution of the number of magnons Aftn) as
a function of n for various J*/|t| calculated for ¢ = —0.3t,
t”" =02t and (a) t =1, (b) t = —1.
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Fig. 3. Average number of magnons (n) as a function of J*/|t|
calculated for the t-J* model (solid line) and the ¢-t'-t”-J*

model with ¢ = —0.3¢, ¢’ = 0.2t and ¢ = 1 (dashed line),
t = —1 (dotted line).

0.001

The distribution of magnons around a hole can be de-

fined by Nr = <h(§h0akaR) where the Fourier transform,

aTR =2 q e_iqRaL, and the average is calculated with re-

spect to the wave function (9), (...) = (¥, |...|%2, ). The
explicit form of Ngr is presented in Appendix A. Now,
the size of a polaron can be characterized by the average
radius,

(13)
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Fig. 4. The average radius (a) and the-root-mean-square ra-
dius (b) as a function of J*/|t| calculated for the ¢-J° model
(solid lines) and the ¢t-'-t"-J* model with t' = —0.3t, t" = 0.2t
and t = 1 (dashed lines), t = —1 (dotted lines).

and the root-mean-square radius,

1/2
Roms = (<n>12|R|2NR>
R

R,y and Ry as functions of J#/|t| are shown in Figure 4.
For the t-J* model and the hole-doped case of the ex-
tended model the root-mean-square radius of the polaron
for J* < 0.1t can be fitted with Ryyus = 1.07(t/.J)0-154
and 1.07(t/J)%161, respectively. The radius calculated for
the ¢t-J% model is slightly different than one evaluated by
Ramsak et al. in reference [10]. This difference is made by
the 2 /U three-site terms which are small for J#/t < 0.1.
In the case of the electron doped t¢-t’-t"'-J% model for
0.002 < J*/|t| < 0.1 we found the size of the polaron
increasing logarithmically with decreasing J#/|¢| and fit-
ted with Ryms = 0.2261n(|t|/J) + 0.81 for J*/|t| < 0.1.
Another correlation function describing the spatial dis-
tribution of spin around the hole is the average of the z
component of spin, Sg = (h;r)hoSfé{), with S§ = eiQR(% —

(14)

akaR). The explicit form of Sgr is given in Appendix A.
We have found a striking difference in the distribution of
spins when calculated for hole- and electron-doped sys-
tems. For our model with parameters representing hole
doping one can see a well visible polaron around a hole
with a negligible background contribution S§ ~ 0.001
(see Fig. ba), where S§ = limg|—oo |[SR|- A very simi-
lar polaron was found by Ramsak and Horsch in the ¢-
J* model (compare Fig. 5a with Fig. 9a of Ref. [10]). In
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Fig. 5. Distribution of the z component of the spin Sg around
the moving hole for J#/|t| = 0.01 found for the t-t'-t"-J* model
with ¢/ = —0.3¢, t" =02t and t =1 (a), t = —1 (b).

contrast, when parameters representing electron doping
are assumed one can find the Sy function dominated by
large background S§ =~ 0.1 (see Fig. 5b). As pointed out
by Ramsak and Horsch [10], 25§ represents the difference
in the probability of the hole sitting on sublattice A or
B. Thus, even for J#/|t| as small as 0.01 this difference of
visiting the two sublattices by an electron is about 20% in
the electron-doped case.

Finally, we check the conservation of the z component
of the total spin Si,, = > g, Sr which consists of two
parts (see Eq. (20)). S, deviates from 0.5 by no more
than 10% in the whole range of J#/|¢| with the minimum
value in the intermediate-coupling regime J* = 0.1]¢| for
the ¢-J* and the hole-doped t-t'-t”’-J* models whereas in
the electron doped case the minimum of SZ; is found
for J* ~ 0.01]¢| (see Fig. 6). The S§ part of the spin-
correlation function Sg (giving nonvanishing background
in Fig. 5) is presented in Figure 6b. In all three cases S
decreases with decreasing spin stiffness and S§ — 0 for
J*/|t| — 0. For realistic J#/|t| = 0.4 the difference in the
probability of a carrier being on one or the other sublattice
is about 17%, 27%, and 62% for the ¢t-J* model, t-t'-t"-J*
model with hole- and electron doping, respectively. For the
t-J# model the three-site terms enhance the tendency to-
wards one sublattice motion of a hole (compare solid line
in Fig. 6b with Fig. 11 of Ref. [10]). The results for the
electron-doped system indicates that an added electron
can stabilize the AF long range order by moving mainly
over one sublattice. This is not the case when an electron
is remowved from the half filled system.



J. Bala: Structure of spin polarons in the ¢-t'-t"-J* model

0.50

0.49
S[Z 0.48

0.47

0.46

0.45
0.5 T T T

0.4
% 0s

0.2

0.0 0.5 1.0 1.5 2.0
Jit|
Fig. 6. The total spin S7 (a) and its component S§ (b) as
a function of J#/|t| calculated for the t-J* model (solid lines)

and the ¢t-t'-t"-J% model with ' = —0.3t, " =02t and t = 1
(dashed lines), t = —1 (dotted lines).

4 Conclusions

We have presented a systematic way to calculate various
spin correlation functions in the t-t'-t"-J* model. Empha-
sis was put on the strong-coupling limit, J#/|t| < 1, where
the Reiter’s wave function is dominated by higher order
terms. As the magnon mode is dispersionless (but not the
Green function itself) it is possible to express correlation
function elements analytically and perform the summation
of respective diagrams to any order. Of key importance to
our approach is the vertex function Myx_q (see Eq. (2))
depending only on k — q momentum.

As presented in the previous section the spin polarons
found for the electron-doped case are qualitatively differ-
ent from those found for the hole-doped case or for the
t-J model [21]. For small J#/|t| an added electron moves
mainly on one sublattice avoiding the disturbance of the
AF order while a hole propagates mainly by the exchange
of collective excitations. For realistic values of J/|t| ~ 0.4
for HT'SOs the average number of magnons excited in the
ground state is about one when a hole is added to the Néel
state and no more than 0.2 in the electron-doped case.

The main limitation of this approach is the absence of
spin fluctuations. A hole (electron) hops in a Néel state
creating a “string” of overturned spins which are not al-
lowed to flip spontaneously. The validity of ignoring the
propagation of spin excitations is justified by the fact that
in the limit J* < |¢| a linear potential left by turned
over spins [15] is weak making the propagation of a hole
(electron) not much restricted. However, for larger J# the
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mobility of a carrier is strongly restricted to one sublat-
tice. Moreover, in the ¢-J model one can find a well defined
quasiparticles but the size of a polaron characterized by
R,y and Ry is diverging [10] while the wave function
can be evaluated numerically only to a few magnon terms
which is hardly enough in the limit J < |¢|.

I thank A. M. Ole$ and P. Horsch for useful discussions and ac-
knowledge the financial support by the Committee of Scientific
Research (KBN) of Poland, Project No. 2 P03B 175 14.

Appendix A: The spatial distribution functions

Below we present the analytical expressions of correlation
functions Vg and Sgr evaluated in this paper. In the Ising
limit the distribution of magnons around a hole has the
following form,

:% 3 la-ar

q1,92

n
X Z Z WE™) (qy, q2) + WP (qi,q2) |, (15)

with,
WE™ (qp, qz) = AL 1)T(m)(ou, qa2)
x H T (@, q2),  (16)
j=m-+2
for 0 < m < p and,
WP (q1,q2) = ZieMic—q, Mi—q,G(k — a1, w1)
P
x Gk — qu.w1) [[ T (@i a2).  (17)

j=2

The functions Tl(g)k(ql, q2) depend on the Green function
G(q,w) and the hole-magnon vertex Mg as follows,

Tl(ljc) (q1,92) Z a-aiMq-q.G(a — a1, w;j)

X G(Q*C]Q,Wj), (18>

and,
q q2 G2 (q’ wj)

ZM q—q1

X G(q —q1,wj+1)G(q — qz,wjt1). (19)

79 (a1, q2)

In a similar way one can evaluate the distribution of the
z component of the spin at a distance R from a hole,

Z ellar— qz)RZ

(117(312

Sgr = QR lsg

p—1
X (Z W(p’m)(qh(h)JrW(p)(Oha‘h))] , (20)

m=1
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with,

S = (21)

S (-1)7AY.
j=0

|~

The details of the construction rule for the diagrams in-
cluded in Ng and Sgr can be found in the recent paper by
Ramsak and Horsch (see Ref. [10]).
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